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Many techniques apply broadly to SMT

solvers: Barcelogic, CVC, Ergo,Mathsat,

OpenSMT, Yices, ..
Many tools already

.. But many more tools should really do it too.
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Why Engineering Theories?

Support

Rich Theories (and logics) with
Efficient Decision Procedures
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\We review three methods:

Theory Solver: Optimization,
Partial Orders

Reduction: Object Types

Saturation: HOL



Goal: Tools to make users happy & productive

ww.epfl.ch/~piskac/softwa © ~ B € X | & MUNCH - Automated Reas... %

The MUNCH Tool: automated reasoner for collections

This is the web page for the MUNCH tool.
Currently the following is available for download:

m

o paper describing the
tool

o implementation

« some examples and
their output

Examples are written in the separate file
(examples.itxt). The tool then parses this input
into a language corresponding to the grammar
described in the paper and in the file
ASTMultisets.scala. MUNCH invokes z3 .

Playing with the MUNCH tool

The MUNCH tool is written in Scala
and for testing MUNCH you need to
have Scala installed. To run MUNCH,
on your machine, first download the

ITathyar=) {"n{"P ﬂﬂA (‘nmnilp 1.f




Overview of methods

Reduction
(eager reduction)

N

- Theory

(18t class solver) (lazy reduction)

C Model
Equalities Partial

Compile

Theory Solver ﬂ Compile Saturation
onstraints

Search
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Satisfiability Modulo Theories (SMT)

Is formulay satisfiable

modulo theoryT?
]

SMT solvers have
specialized algorithms for T




Satisfiability Modulo Theories (SMT)
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Job Shop Scheduling

_onstraints:
Precedence: between two tasks of the same

job
NG
4\\ /

Resource: Machines execute at most one job

at a time \
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/
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Job Shop Scheduling

Constraints: Encoding:
Precedence: O -Start time of

\ / job 2 onmach3
N\ . Q  -duration of
job 2 onmach3

op Qf Ofy
Resource:

[i O(Dﬁl&i)@ﬁ] [i O(Dﬁl&}i)@ﬁ] n (‘)ﬁ Aﬁ (‘)ﬁ



Job Shop Scheduling

di; | Machme 1 Machine 2 Encoding
Job 1 2 1 I[I111 = 0) A {II,E =h1+2) M {ILQ +1<8) A
Job 2 3 1 (h1Z=0)A(h2=h143)N(h2+1<8) A
Job 3 2 3 (31 =0)A (B2 =261+ 2)A (532 +3<8) A
((ha=2h1+3)V(1281+2)) A
max = 8 (h1=2B1+2)V(B1=h1+2)) A
(h1=8B1+2)V(B1=h1+3)) A
Solution (12 =bha2+1)Viba=2Ha+1)) A
hi=5thr=76H1=2, (ha=na2+3)ViBa=n2+1)) A
h2=06,131=0,17,=3 ((ha=nB2+3)ViB2=202+1))



Job Shop Scheduling

(1 =20)Ahr =1+ 2)A(Ha+H1<8) A
(h1=20)A(ha=h1+3)A(ha+1<8)A
(31 20)A (=1 +2)A(Ha+3<8) A

(hp=h1+3)Vih1=t1+2)) A Efficient solvers:

(l1=2B1+2)V(B1201+2)) A - Floyd-Warshal algorithm
(hi28B1+2)V(B1201+3)) A case split - Ford-Fulkerson algorithm
(2 =ta+1)Viha=hHa+1)) A
(a=nB2+3)V(Ba=na2+1) A
((ha=2t24+3)V(Ba=2ha+1)) _
case split :
11
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- t; = 0 _2: Y
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a3z - Z < 9 1‘ !
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t31 tz, < -2 3: o !
thgy - tag < -3 _9 ' /
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Symbolic Engines: SAT, FTP and SMT

o SAT. Propositional Satisfiability.
(Tie U Shirt) @( ¥ie U x Shirt) @ (x Tie U Shirt)

e FTP: First-order Theorem Proving.
n X,Y,Z [X*(Y*Z) — (X*Y)*Z]
" X [X*Inv(X) = e] " X [X*e = €]

= SMT: Satisfiability Modulo background Theories
b+2=c@ AJ3] | Alc-b+1]

Microsoft
Research



SAT - Milestones

1960
1962
1984

1992
1994

1997

1998
2001
2005
2007
2008
2009

2010

Davis-Putnam procedure
Davis-Logeman-Loveland

Binary Decision Diagrams

DIMACS SAT challenge
SATO: clause indexing

GRASP: conflict clause
learning

Search Restarts

zChaff: 2-watch literal, VSIDS
Preprocessing techniques
Phase caching

Cache optimized indexing

In-processing, clause
management

Blocked clause elimination

Problems impossible 10 years ago are trivial today

Results of the SAT competition/race winners on the SAT 2009 application benchmarks, 20mn timeout
1200 T -
© Limmato2 | ' oo ] LA '
Zchaff 02 o = . 7 ot &
#  Berkmin 56102 J § A
O Forklift 03 a w0 g O
[ ] Siege 03 + - A g & . [u]
1000 ~ Zchaff 04 + ¥ n a v 9 @ & o] 1
SatELite 05 * 0 i~ v :
Minisat 2.0 06 - “ o
4 Picosat 07 o 4 v o
v Rsat 07 x H : ] 3 o
v Minisat 2.1 08 * 4 u s A A
800 - ¢  Precosat 09 o g PP o b
— ¢ Glucose 09 ¢ I g . S
3 @ Clasp 09 + & 7 & avoe
g ®  Cryptominisat 10 m [ £V A, o
bt ©  Lingeling 10 s st A ¢ }"
£ @ Minisat2.2 10 & m # 7 s 3 / ﬁﬁ
= 600 i o -
2 &
= &
D g
5 o
400 & —
200 1
[Le Berre'l0]

0

Millions of
variables from
HW designs

60 80 100 120 140 160 180

Number of problems solved

Microsoft:

Research

Courtesy Daniel le Berre



FTP - Mllestones

Year Milestone Year Milestone Who
Completionandsaturation many people and
193C Hebrand's theorem Herbrand 197C procedures provers
1934 Sequent calculi Gentzen 197C Knuth-Bendix ordering Knuth; Bendix
1934 Inverse method Gentzen 1971 Selection function Kowalski; Kuehner
195E Semantic tableaux Beth 1972 Built-in equational theories Plotkin
Herbrandbasedtheorem
196C proving Wang Hao 1972 Prolog Colmerauer
196C Ordered resolution Davis; Putnam 1974 Saturation algorithms Overbeek
Davis Logemann
196z DLL Loveland 197t Completeness of paramodulatiol Brand
1965 Firstorder inverse method Maslov 197E ACunification Stickel
196E& Unification J.Robinson 197€ Resolution as a decision proced Joyner
196E Firstorder resolution J. Robinson 197¢< Basic paramodulation Degtyarev
196 Subsumption J. Robinson 198C Lexicographic path orderings  Kamin; Levy
1967 Orderings Slagle 198t Theory resolution Stickel
Wos G.Robinson; Definitionalclauseform
1967 Demodulation or rewriting CarsonShalla 198¢€ transformation Plaisted; Greenbaum
196€ Model elimination Loveland 198¢ Superposition Zhang
196€ Paramodulation G. Robinson; Wos  198€& Model construction Zhang
198¢< Term indexing Stickel; Overbeek
Some success stories: 199C General theory of redundancy Bachmair; Ganzinger
- Open Problems (Of 25 years): 1992 Basic super[;;)sitiodn o Nilelzuwer}huis;dRubio
199¢ First instancebased methods Billon; Plaiste
XCB: X! ((X ! Y) . (Z ! Y)) ! Z) 199: Discount saturation algorithm  AvenhausDenzinger
IS a single axiom for equivalence 199¢ Finite modelfinding using SAT McCune
_ Knowledge OﬂtO|OgI€S 200C _Fwst—order DPLL Baumgartner |
200z iProver method Ganzinger; Korovin
GBs of formulas 200€ Sine selection Hoder

Courtesy Andrei Voronkov, Manchester U



SMT - Milestones

fimeout+abort

year Milestone
100

1977  Efficient Equality Reasoning Z3

1979 Theory Combination Foundations ( _ of 0 0./ )

1979 Arithmetic + Functions Time ‘ } 1sec
On X

1982 Combining Canonizing Solvers

1992-8 S - impli Boogie | ]
- Si//séems. PVS, Simplify, STeP, Regression
2002  Theory Clause Learning o o o
2005  SMT competition ong (of
2006 Efficient SAT + Simplex -
2007 Efficient Equality Matching _ 100 e et oy
2009 CombinatoryAr r ay Logi c, g:?e ...r‘"""\.ll. ""M—f\ -
Includes progress from SAT: vee O ok b == 2
: Regression -
Qolvers

0.1

15KLOC + 285KLOC = Z3 " Nov 08 March 09
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Z3: Little Engines of Proof

Freely available from http://research.microsoft.com/projects/z3 Microsoft

Research



http://research.microsoft.com/projects/z3

Research around Z3
Decision Procedures

Modular Difference Logic is Hard TR 08 B, Blass Gurevich, Muthuvathi.
Linear Functional Fixed-points. CAV 09 B. & Hendrix.

A Priori Reductions to Zero for Strategy-Independent Grobner Bases SYNASC 09 M& Passmore.
Efficient, Generalized Array Decision Procedures FMCAD 09 M &B

Quantifier Elimination as an Abstract Decision Procedure IJCAR 10, B

Cutting to the Chase CADE 11, Jojanovich, M
Combining Decision Procedures

Model-based Theory Combination SMTO07 M&B..

Accelerating Lemma learning using DPLL(U) LPAR 08 B, Dutetre & M

Proofs, Refutations and Z3 IWILO8 M & B

On Locally Minimal Nullstellensatz Proofs. SMT 09 M & Passmore.

A Concurrent Portfolio Approach to SMT Solving CAV 09 Wintersteiger, Hamadi & M
Conflict Directed Theory Resolution Cambridge Univ. Press 12, M & B
Quantifiers, quantifiers, quantifiers

Efficient E-matching for SMT Solvers. CADE 07 M & B.

Relevancy Propagation. TRO7 M &B.

Deciding Effectively Propositional Logic using DPLL and substitution sets [IJCAR 08 M & B.
Engineering DPLL(T) + saturation. IJCAR 08 M & B.

Complete instantiation for quantified SMT formulas CAV 09 Ge & M.

On deciding satisfiability by DPLL( T) and unsound theorem proving.



Fast and powerdful

SMT-Exec
Summary view | Cluster status | Benchmarks | SMT-COMP Competitors | State-of-the-Art Solvers | Feedback | Login
selected timezone: [ UTC | Job focus [ all | invert | reset |- SMT-COMP*11 application track | SMT-COMPE 2011 | try. | Ira-5years-mathsat | 2006-LRA rerun
et HELF: [ show more ]

navigation | page ] 1 job selected [ status | help ]

Summary View

The job selection includes SMT-COMP 2011, the official SMT

?'11 competition run

> IDL (100%)

Score %7 Time

QF_UF (100%

Solver Score

191 /202

Z3 201 /205

MathSATS 199/ 205

156 / 202

CVC4 1,06 ’
veriT F 1307202 3%83
t ree

opensm B oy 1817202 79
1797202 ©7146

Software 3. QL
for reseasch ﬁi -

Microsoft:

Research

http://smtcomp.org



Theories

RiSE4fun

= Uninterpreted

Click on a tool to lood o sample then ask!

: WA o1 | o [ oosic [ code contracts [ concurrent revisions Jf datny Jf esn I finc]
Arithmetic (I|n “neapabg ]| poirot )] pex J rex ) spect Rvec K==

{declare-datatypes ((list (nil) (cons (hd Int) (tl list)))})

® B|t-VeCtorS (declare-funs ((11 list) (12 list)))

(assert (not (= 11 nil)))
(assert (not (= 12 nil)))

I ( (= (hd 11) (hd 12)))
o Algebraic data &=z ¢ a2
(assert (not (= 11 12)))

e Arrays (check-sat)
= User-deflned m Is this SMT formula satisfiable? Click 'ask Z3'! Read

more or watch the video.

....................................................................................................


http://rise4fun.com/Z3/YeXN
http://rise4fun.com/Z3/YeXN
http://rise4fun.com/Z3/YeXN

Some Microsoft tools using Z3

Property Execution Model
Driven Guided Based
he
\/Cc Shech
Programming System
@ F7T1.0 . _ _ F'_ric_e:.FREE T t
_11 eeeeeeeeeeeeeeeeeeeeeeeeee ing language . F?ED o Over- es Ing

L i i i i load now . .
supports static checking of properties expressed with own
Details  refinement types. / \pprOX” I |at|0n
Screenshot
F7 1.0 & simple to use Etouse 8 Simple To  programming
aaaaaaaa

SLAyer Under-

Type Safety Approximation Synthesis gg

Pex
300GIE

s

Microsoft
Research




Some Microsoft tools using Z3

Ask Agl! What does this dot graph look Like? Ask Agl!

J Pex {Poir‘ot J [SymDifF }

Cuzz ‘ CHESS I ‘ Moles RaceKit ] Rex B Bek Chalice ‘ Havoc Vce CodeContractsVerifier
o 1] R, ‘-___ o SR U e -
CAP ER | SLAM | DGML | Boogie ConcurrentRevisions CodeContracts

o’

73 Agl

This tool requires o browser with Scaolable Vector Graphics (5SVG) support.
explare projects live permalink developer about
@ 2818 Microsoft Corporation - Research in Software Engineering (RiSE) - Terms of Use - Privacy

Microsoft

Research R1SE

http://rised4fun.com



http://rise4fun.com/
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Solver Constraints

Optimization ~— SEB=Z3—«

Search

Get More Satisfaction with SMT

Oliveras, Nieuenhuis, SAT 2006



Weighted MaxSMT
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Weighted MaxSMT
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Weighted MaxSMT
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Weighted MaxSMT
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Weighted MaxSMT
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Weighted MaxSMT

\ wry

a o !Q "Q“Ql’rrga&by:éllrat’oms are unassigned
Hs 0€i om
O~ (I)” 0 o Assert £ 4 o
g T Propagate:g df ¢ iho6 ¢ i @ h 1
U Bestsofar: 0 Q¢ 0 € | ©

Add Axiom 3 - backtrack

let block()} =
let offender = optimize cost ctx costs min_cost

th.AssertTheoryfxiom(ctx. MkNot (ctx.Mkind offender)) Assert =| 6 é i:(‘ﬁ > i‘) "Qé 6 é i (‘)
let Assign p vl =
if vl tlﬁn .
‘Wihat-gees It take to Add Axiom 5 - backtrack
cost <- cogt +, w: . . ﬁl],)hdd (fun () -» cost <- cost - w)
c&ﬂQOdﬁ}fhclSan add (fun () -» costs <- List.tail costs)
if cost » min_cost then 7 -~ -“ -
block() e . Assert =|= ‘H‘ L =|

let _ = th.NewAssignment <- (fun p w1l -»> Assign p vl)



Principles of Modern SMT
solvers in two slides



Modem DPLL in a nutshell

Initialize 1sO

Decide 0

Propagate 0

Conflict 0
Resolve 0
Learn 0

Backjump 0

Unsat 0
Sat 0
Restart 0

| O

O hb| O

I'G6™ b 0 RB |8 b

| "N @v |14

0 | "0 s6

|'Os6& /b U | "0OsO &0

| "Os0

O | "®5 s6

Jbb g0s6™ /b 0J/b M 0

| "0l
<0
|0

i.‘)

T

Yei @O

| O

"OQidi 'R0 a hoi Qi
JBQD ¢ wi i "QQe QQ
0 QIQW ad €N W |
0 "QIQW ad €N W |

/b B §

0 Qwé & QO QRO a i

Q01 ®@@ QWi

Adapted and modified from [Nieuwenhuis, Oliveras, Tinelli JJACM 06]



DPLL(T) solver interaction

T-Propagate 0 |"@®~ /b O Wb ™| '@~ /b 6 "QIQW ad QI O

T- Conflict D]O 0 |0 U ee 0 PO ®E& O QIQ0 ad £€0Q i
T- Propagate ® dw o s O o Q

O o dw Q s T W 0 Q0
T- Conflict b sO 0s O & O & 0O O

0 QALY WO QP O



How does Z3 enable T solvers?



DPLL(T) Solver Interaction

Callbacks from DPLL engine

fﬁwrﬂgﬂgg‘é@ignment

-

T-Propagate

T—Conflict‘

T-Conflict

-

Callbacks from DPLL engine

let
let
let
let
let
let

let

let

let
let
let
let

mutable cost = @
mutable costs = []
mutable min_cost = Int32.max_int
mutable weights = Dicticnary<Term,int>()
th = ctx.MkTheory({"opt")
block() =
let offender = optimize cost ctx costs min_cost
th.AssertTheoryAxiom(ctx.MkNot (ctx.MkaAnd offender))
Assign p vl =
if vl then
let w = weights.[p]
cost <- cost + w;
trail.Add (fun () -» cost <- cost - w)
costs <- (w,p)::costs;
trail.Add (fun () -» costs <- List.tail costs)
if cost > min_cost then

block()

FinalCheck() =

if cost < min_cost then
min_cost <- cost

block()

true

th.NewAssignment <- (fun p vl -> Assign p vl)
th.FinalCheck <- (fun () -> FinalCheck())
th.Pop <- (fun () -» trail.Pop())

th.Push <- (fun () -> trail.Push())
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Partial Orders as Acyclic Graphs

‘ ‘V‘ O’Q;) ~
| GO @ OO WO & @
| sfefagnd @ 0O a° wo a

Elements are equal
In strongly connected
components

@ = 0 =@




Partial Orders as Acyclic Graphs

Checking I 6B0O w
negations L a0 o 0O Wl w0 W
| (e 800 7 wO a° wO &

OK Not OK



Partial Orders as Acyclic Graphs

Checking Consistency of(e O «):

O

Is there is & path from () tq@ e

Extracting Equalities fron® using
strongly connected components:
@)

let

let

let

FinalCheck() =
for t in terms do // connect equal terms.

let tr = th.GetEqcRoot t

if tr <» t then

add eq t tr

done
check _not leqs() // check negations
add_implied eqs({) // propagate equalities
true

NewAssignment (a:Term) v =

assert (is_leq a)

let args = a.GethApplrgs()

let 1, t2 = args.[@], args.[1]

add_term t1; add term t2|

if w then
g.AddEdge t1 t2

else
trail.Add (fun ()} -> not leqs <- List.tail not_legs)
not_leqs <- (t1,t2)::not_leqgs

initialize() =

th.FinalCheck <- (fun {) -* FinalCheck()})
th.NewhAssignment <- (fun a v -> Newfssignment a wv)
th.Push <- (fun ()} -» trail.Push(})

th.Pop <- (fun ()} -> trail.Pop())



Inhentance as table-lookup

— e —

___._.—-—-_'_-_-_-_ .
ing.lterable| ava.util.Map)| [ava.util.Dictionary| [ava.lang.Cloneable| java.l=~~ ~amparable| [ava.io.Serializable| java.lang.CharSequence| [net.n3.na

wnnxml_xMLElemenﬂ [java.net.UF!Ln liava.

3.util.List| java.util.Properties| | java.text.DateFormat| java.lang.StringBuilder] java.lang StringBuffer] ™

. AbstractList
'

~java.util. Vecto

~ %
lava.io File] java.lang.String]

/
ollection] fava.util.Hashtable| [ java.text.Format]

&\\

java.

let.n3.nanoxml XMLParseE

'

iava.util.Sta ck

WO QOB E'G G di dwa'Q  Efficient propagators using
Type Slicing algorithm
OO OOBRIL A E OHA O Leverages ordering of children
J. Gil and Y. Zibin.[TOPLAS 2007]

® QDD O Q
Available as F#/Z3 sample

Sherman, Garvin, Dwyer. IJCAR 2010



o Microsoft’

gd | % lgo |80 ] te0 Research
I. M e IR EYATC AR Y
eduction

i Eompile

v
- z 5—{ Nyy

Search

Object Graphs

e Redusion | To Cycle and not to Cycle
=
SIVIIF Reduction
= = : Pox
— S NEGH
252 Skoe{ from Pex @




A Theory of Objects

class O {

public readonly
public readonly O left;

public GRright ;

Read-only fields

D d;

= left
= right;

Heap can be updated

void (O nb) {

Assert (nl — null ||
nb.left '= nb);

0O nl = new O(1 null ,null);
0O n2 = new O(2,nl ,null);
0O n3 = new O(2.nl,null );

Assert(n2 '= nl);

nl.right = n2;
n2.right nl:

Objects are
non-extensional



A Theory of Objects

sorts: O,
constructors: null : O, 0 : Hx D x 0O x0O — H x O,

(ACCESSOTS! data : H x O — D.left : H x O — O, rght : H x O — O,
modifiers: update_right : H x O x O — H

(h',0) = O(h.d.l,1) = o # null
(h',0) = O(h.d,l,r) = data(h',0) =d
(h',0) = O(h.d.l.7) = left(h'.0) =1

0 # null = left(hq, left(ha, left(...left(h,,0)))) # o

h' = update_right(h,o,r) Ao’ # o = right(h',0") = right(h,o")
h' = update_right(h,o.r) = left(h'.o") = left(h.o')
h' = update_right(h,o,r) = data(h',0") = data(h,o")



Encoding: Heaps as Arrays

Domains: objects are Natural numbers, left child is a smaller number
O=N
H = (data : O = D, left : O = O, right : O = O, clock : N)

Most axioms follow by function definitions.
right({data, left, right, clock). o) = select(right, o)

update_right({data, left, right, clock), o,r) = (%{Ltu} left, store(right, o.1), clock)

Only Axiom: Instantiate for every occurrence of left(h,0)

Vh:H,0:0 .0# null = 0 < left(h.o) < o



Encodi Ng. Heaps as Amays+Data-Types

Domains: read-only fields use algebraic data-types

O = null | O(id : N, data : D, left : O)
H = (right : O = O, clock : N)

Most axioms follow by function definitions.

No Extra Axiom: Data-type theory enforces acyclicity over left

+ More efficient search



