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Z3 ï An Efficient SMT Solver 
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Tutorial style 
Many techniques apply broadly to SMT 

solvers: Barcelogic, CVC, Ergo,Mathsat, 

OpenSMT, Yices, .. 

Many tools already use techniques é. 

.. But many more tools should really do it too. 
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Is formula j  satisfiable 
modulo theory T ?  

SMT solvers have 

specialized algorithms for T 



 

Arithmetic Array Theory 
Uninterpreted 

Functions 
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Machines 

Jobs 

P = NP? Laundry ‒ί πᵼί
ρ

ς
Ὥὶ 

Tasks 



Constraints: 

Precedence: between two tasks of the same 
job 

 

 

 

Resource:  Machines execute at most one job 
at a time 

4 
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2 
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Constraints:     Encoding: 

Precedence:    ὸȟ - start time of  
                job 2 on mach 3 

      Ὠȟ - duration of 
                 job 2 on mach 3 

      ὸȟ Ὠȟ ὸȟ 

Resource: 

4 
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Not convex 





case split 

case split 

Efficient solvers: 

- Floyd-Warshal algorithm 

- Ford-Fulkerson algorithm 

ᾀ ᾀ  υ ɀ ς ɀ σ ɀ ς  ς  π 



SAT: Propositional Satisfiability. 

 (Tie Ù Shirt) Ø ( ×Tie Ù ×Shirt) Ø (×Tie Ù Shirt) 

 

FTP: First-order Theorem Proving. 

 "X,Y,Z [X*(Y*Z) = (X*Y)*Z]  
 "X [X*inv(X) = e] "X [X*e = e]  

 

SMT: Satisfiability Modulo background Theories 
 b + 2 = c Ø  A[3] Í A[c-b+1] 

  



year Milestone 

1960 Davis-Putnam procedure 

1962 Davis-Logeman-Loveland 

1984 Binary Decision Diagrams  

1992 DIMACS SAT challenge 

1994 SATO: clause indexing 

1997 GRASP: conflict clause 

learning 

1998 Search Restarts 

2001 zChaff: 2-watch literal, VSIDS 

2005 Preprocessing techniques 

2007 Phase caching 

2008 Cache optimized indexing 

2009 In-processing, clause 

management 

2010 Blocked clause elimination 

2002 2010 

Problems impossible 10 years ago are trivial today 

Concept 

Millions of  

variables from  

HW designs Courtesy Daniel le Berre 



Year Milestone Who Year Milestone Who 

1930  Hebrand's theorem  Herbrand 1970 
 Completion and saturation 
 procedures 

 many people and 
provers 

1934  Sequent calculi  Gentzen 1970  Knuth-Bendix ordering  Knuth; Bendix 
1934  Inverse method  Gentzen 1971  Selection function  Kowalski; Kuehner 
1955  Semantic tableaux  Beth 1972  Built-in equational theories  Plotkin 

1960 
 Herbrand-based theorem 
 proving  Wang Hao 1972  Prolog  Colmerauer 

1960  Ordered resolution  Davis; Putnam 1974  Saturation algorithms  Overbeek 

1962  DLL 
 Davis; Logemann; 
 Loveland 1975  Completeness of paramodulation  Brand 

1963  First-order inverse method  Maslov 1975  AC-unification  Stickel 

1965  Unification  J. Robinson 1976  Resolution as a decision procedure  Joyner 
1965  First-order resolution  J. Robinson 1979  Basic paramodulation  Degtyarev 
1965  Subsumption  J. Robinson 1980  Lexicographic path orderings  Kamin; Levy 
1967  Orderings  Slagle 1985  Theory resolution  Stickel 

1967  Demodulation or rewriting 
 Wos; G. Robinson; 
 Carson; Shalla 1986 

 Definitional clause form 
 transformation  Plaisted; Greenbaum 

1968  Model elimination  Loveland 1988  Superposition  Zhang 
1969  Paramodulation  G. Robinson; Wos 1988  Model construction  Zhang 

1989  Term indexing  Stickel; Overbeek 

1990  General theory of redundancy  Bachmair; Ganzinger 
1992  Basic superposition  Nieuwenhuis; Rubio 
1993  First instance-based methods  Billon; Plaisted 

1993  Discount saturation algorithm  Avenhaus; Denzinger 

1998  Finite  model  finding using SAT  McCune 
2000  First-order DPLL  Baumgartner 

2003  iProver method  Ganzinger; Korovin 
2008  Sine selection  Hoder 

Some success stories: 

- Open Problems (of 25 years): 

XCB: X ¹ ((X ¹ Y) ¹ (Z ¹ Y)) ¹ Z) 

is a single axiom for equivalence 

- Knowledge Ontologies  

GBs of formulas 

 Courtesy Andrei Voronkov, Manchester U 



year Milestone 

1977 Efficient Equality Reasoning 

1979 Theory Combination Foundations 

1979 Arithmetic + Functions  

1982 Combining Canonizing Solvers 

1992-8 Systems: PVS, Simplify, STeP, 

SVC 

2002 Theory Clause Learning 

2005 SMT competition 

2006 Efficient SAT + Simplex 

2007 Efficient Equality Matching 

2009 Combinatory Array Logic, é 

SAT 
Theory 

Solvers 
SMT 

15KLOC + 285KLOC  = Z3  

Includes progress from SAT: 
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By Leonardo de Moura, Nikolaj Bjørner,  
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Freely available from http://research.microsoft.com/projects/z3 

 

http://research.microsoft.com/projects/z3


.  
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.  

Decision Procedures 
Modular Difference Logic is Hard               TR 08 B, Blass Gurevich, Muthuvathi. 

Linear Functional Fixed-points.    CAV 09  B. & Hendrix.  

A Priori Reductions to Zero for Strategy-Independent Gröbner Bases SYNASC 09 M& Passmore.  

Efficient, Generalized Array Decision Procedures              FMCAD 09  M & B 

Quantifier Elimination as an Abstract Decision Procedure IJCAR 10, B 

Cutting to the Chase    CADE 11, Jojanovich, M 

Combining Decision Procedures 
Model-based Theory Combination               SMT 07   M & B. .  

Accelerating Lemma learning using DPLL(U)  LPAR 08  B, Dutetre & M 

Proofs, Refutations and Z3    IWIL 08 M & B 

On Locally Minimal Nullstellensatz Proofs.  SMT 09  M & Passmore.  

A Concurrent Portfolio Approach to SMT Solving  CAV 09   Wintersteiger, Hamadi & M 

Conflict Directed Theory Resolution   Cambridge Univ. Press 12, M & B 

Quantifiers, quantifiers, quantifiers 
Efficient E-matching for SMT Solvers.     CADE 07 M & B.  

Relevancy Propagation.      TR 07      M & B.  

Deciding Effectively Propositional Logic using DPLL and substitution sets  IJCAR 08 M & B. 

Engineering DPLL(T) + saturation.    IJCAR 08 M & B.  

Complete instantiation for quantified SMT formulas  CAV 09   Ge & M.  

On deciding satisfiability by DPLL( G+ T) and unsound theorem proving.  

      CADE 09  Bonachina, M & Lynch. . 



http://smtcomp.org 



 

Uninterpreted functions 

Arithmetic (linear) 

Bit-vectors 

Algebraic data-types 

Arrays 

User-defined 

 

http://rise4fun.com/Z3/YeXN
http://rise4fun.com/Z3/YeXN
http://rise4fun.com/Z3/YeXN
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http://rise4fun.com   

http://rise4fun.com/


Get More Satisfaction with SMT 

Oliveras, Nieuenhuis, SAT 2006 
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ὔὥάὩ ὊέὶάόὰὥύὩὭὫὬὸ
Ὂ ὥ᷉ ὦ᷉ ὼ ς Њ
Ὂ ὥ᷉ ὼ σ σ
Ὂ ὦ᷉ ὼ σ τ
Ὂ ὼ ς υ

 
Unsat 



ὔὥάὩ ὊέὶάόὰὥύὩὭὫὬὸ
Ὂ ὥ᷉ ὦ᷉ ὼ ς Њ
Ὂ ὥ᷉ ὼ σ σ
Ὂ ὦ᷉ ὼ σ τ
Ὂ ὼ ς υ

 
Sat ╪᷈ ╫᷈ ●  

Penalty: Њ 



ὔὥάὩ ὊέὶάόὰὥύὩὭὫὬὸ
Ὂ ὥ᷉ ὦ᷉ ὼ ς Њ
Ὂ ὥ᷉ ὼ σ σ
Ὂ ὦ᷉ ὼ σ τ
Ὂ ὼ ς υ

 
Sat ╪᷈ ╫᷈ ●  

Penalty: 9 = 4 + 5 



ὔὥάὩ ὊέὶάόὰὥύὩὭὫὬὸ
Ὂ ὥ᷉ ὦ᷉ ὼ ς Њ
Ὂ ὥ᷉ ὼ σ σ
Ὂ ὦ᷉ ὼ σ τ
Ὂ ὼ ς υ

 
Sat ╪᷈ ╫᷈ ●  

Penalty: 5 



ὔὥάὩ ὊέὶάόὰὥύὩὭὫὬὸ
Ὂ ὥ᷉ ὦ᷉ ὼ ς Њ
Ὂ ὥ᷉ ὼ σ σ
Ὂ ὦ᷉ ὼ σ τ
Ὂ ὼ ς υ

 

Sat ╪᷈ ╫᷈ ●  

Penalty: 3 



ὊέὶάόὰὥύὩὭὫὬὸ
ὥ᷉ ὦ᷉ ὼ ς Њ
Ὂ᷉ ὥ᷉ ὼ σ σ
Ὂ᷉ ὦ᷉ ὼ σ τ
Ὂ ὼ᷉ ς υ

 

Initially: All atoms are unassigned 

 ὅέίὸ  π 
 

Assert ╪᷈ ╫᷈ ●  

 

Propagate: ╕ȡ ὅέίὸ ḧὅέίὸτ ḧτ 
 

Best so far: ὓὭὲὅέίὸ   τ 
 

Add Axiom ╕  - backtrack  

 

Assert ╕  ὅέίὸ  = 5 > ὓὭὲὅέίὸ 

 

Add Axiom ╕  - backtrack  

 

é. Assert ╪᷈ ╫᷈ ● ╕᷈    

What does it take to  

encode this in Z3? 



Principles of Modern SMT 
solvers in two slides 



Initialize ‭ȿ Ὂ  Ὂ Ὥί ὥ ίὩὸ έὪ ὧὰὥόίὩί  

Decide ὓ   Ὂ ὓȟЉ     Ὂ   Љ Ὥί όὲὥίίὭὫὲὩὨ   

Propagate ὓ  Ὂȟὅ Љ᷉ ὓȟЉ Љ᷉     Ὂȟὅ Љ᷉  ὅ Ὥί ὪὥὰίὩ όὲὨὩὶ ὓ  

Conflict ὓ  Ὂȟὅ ὓ    Ὂȟὅ ȿ ὅ    ὅ Ὥί ὪὥὰίὩ όὲὨὩὶ ὓ  

Resolve ὓ  Ὂ ȿ ὅᴂ᷉ Љ ὓ    Ὂ ȿ ὅᴂ᷉ὅ   Љ Љ᷉ᶰὓ   

Learn ὓ  Ὂ ȿ ὅ ὓ   Ὂȟὅ ȿ ὅ    

Backjump ὓ Љὓᴂ  Ὂ ȿ ὅ Љ᷉ ὓЉ Љ᷉   Ὂ    ὅ Ὤὥί ὲέ ὰὭὸὩὶὥὰί Ὥὲ ὓ   

Unsat ὓ  Ὂ ɲ Ὗὲίὥὸ  

Sat ὓ ȿὊ ὓ  Ὂ ὸὶόὩ όὲὨὩὶ ὓ    

Restart ὓ  Ὂ  ‭    Ὂ    

Adapted and modified from [Nieuwenhuis, Oliveras, Tinelli J.ACM 06] 



T- Propagate ὓ  Ὂȟὅ Љ᷉ ὓȟЉ Љ᷉     Ὂȟὅ Љ᷉  ὅ Ὥί ὪὥὰίὩ όὲὨὩὶ Ὕ ὓ  

T- Conflict ὓ  Ὂ ὓ    Ὂ ȿ ὓᴂ    ὓ Ṗὓ ὥὲὨ ὓὭί ὪὥὰίὩ όὲὨὩὶ Ὕ  

ὓ  ȿ   Ὂ     ὓ ȿ    Ὂȟὥ ὦ᷉ ὦ ὧ᷉ ὧ ὥ  

ύὬὩὶὩ ὥ ὦȟὦ  ὧȟὥ ὧṖὓ  

T- Conflict 

ὥ ὦȟὦ  ὧ     ȿ   Ὂȟὥ ὧ᷉ ὦ Ὠ    
 

                           ὥ ὦȟὦ  ὧȟὦ Ὠ ᷉     ȿ    Ὂȟὥ ὧ᷉ ὦ Ὠ  

T- Propagate 



How does Z3 enable T solvers? 



Calls into DPLL engine 

 

T-Propagate 

 

 

 

 

T-Conflict 

 

 

 

 

 

Callbacks from DPLL engine 

Callbacks from DPLL engine  

with new assignment 

 

 

T-Propagate 

 

 

T-Conflict 

 

 

Calls into DPLL engine 



Acyclic graphs and SMT 
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     ὼᶅȢὼṌὼ  
     ὼᶅȟώȢὼṌώ᷈ ώṌὼO ὼ ώ  
    ὼᶅȟώȟᾀ ȢὼṌώ᷈ ώṌᾀO ὼṌᾀ 

 

 

 

     Elements are equal 
     in strongly connected 
     components 

             =            = 

 

Ṍ 

Ṍ 

Ṍ 

Ṍ 
Ṍ 

ṍ  



 

 Checking   ὼᶅȢὼṌὼ  
 negations   ὼᶅȟώȢὼṌώ᷈ ώṌὼO ὼ ώ  
    ὼᶅȟώȟᾀ ȢὼṌώ᷈ ώṌᾀO ὼṌᾀ 

Ṍ 

Ṍ 

Ṍ 

Ṍ 
Ṍ 

Ṍ 

Ṍ 

Ṍ 

Ṍ 

Ṍ 
Ṍ 

OK 

Ṍ 

Not OK 



Checking Consistency of ●Ṍ◐: 
 

 

 

 

 

 

 
Is there is a Ṍ path from      to       ȩ  

 

Extracting Equalities from Ṍ  using 
strongly connected components: 

 

Ṍ 

Ṍ 

Ṍ 

Ṍ 
Ṍ 

Ṍ 

Ṍ 

Ṍ 

Ṍ 

Ṍ 
Ṍ 

ṍ 



Sherman, Garvin, Dwyer. IJCAR 2010 

ὼṌὮὥὺὥȢὰὥὲὫȢὅέάὴὥὶὥὦὰὩ 

ὼṌὮὥὺὥȢὰὥὲὫȢὅὰέὲὥὦὰὩ 

ὼ ὮὥὺὥȢόὸὭὰȢὈὥὸὩ 

Efficient propagators using 

Type Slicing algorithm 

Leverages ordering of children 

J. Gil and Y. Zibin.[TOPLAS 2007] 

 

Available as F#/Z3 sample  
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Read-only fields 
Objects are  

non-extensional Heap can be updated 



So far so good, but what about read-only fields? 



Only Axiom: Instantiate for every occurrence of left(h,o) 

é  

Domains: objects are Natural numbers, left child is a smaller number 

Most axioms follow by function definitions.  



No Extra Axiom: Data-type theory enforces acyclicity over left 

Domains: read-only fields use algebraic data-types 

Most axioms follow by function definitions.  

ᵼ More efficient search 


